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What is the Lipschitz geometry of germs of complex analytic
sets?

• Let (X , 0) ⊂ (Ck , 0) be a germ of a complex analytic set at the origin of Ck .
• We denote by di the arclength distance on (X , 0), called the inner metric, and
do(x , y) := ||x − y ||Ck is the outer metric.
• We say that (X , 0) ⊂ (Ck , 0) is inner (resp. outer) bilipschitz equivalent to
(Y , 0) ⊂ (Cr , 0) if there exists a homeomorphism h : (X , 0) −→ (Y , 0) which is
bilipschitz with respect to the inner (resp. outer) metric.
• We often write (X , 0) ∼di (Y , 0) (resp. (X , 0) ∼do (Y , 0)) to say that (X , 0) is inner
(resp. outer) bilipschitz equivalent to (Y , 0).
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Why do we care about Lipschitz geometry?

•
Analytic type → Outer Lipschitz type → Inner Lipschitz type → Topological type

• There are no continuous moduli for the bilipschitz equivalence of germs of complex
analytic set. (Mostowski 1985).

(Xt , 0) = ({xy(x − y)(x − ty) = 0}, 0) ⊂ (C2, 0), |t| < 1.

Then
(Xt1 , 0) ∼Ann (Xt2 , 0) ⇐⇒ t1 = t2
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What do we know about Lipschitz classification?

For curves:
• (γ1, 0) ∼di (γ2, 0) ⇐⇒ (γ1, 0) ∼TOP (γ2, 0).
• Every germ of a complex curve is outer bilipschitz equivalent to a germ of a complex
plane curve (Teissier 1982).
• (γ1, 0) ⊂ (C2, 0) ∼d0 (γ2, 0) ⊂ (C2, 0) ⇐⇒ (γ1, 0) ∼E .T (γ2, 0) (Pham-Teissier 1969,
Fernandez 2003, Neumann-Pichon 2013).
For surfaces:
• Fernandez proved in 2008 that the abstract topological type does not determine the
inner Lipschitz type.
• Birbrair, Neumann, and Pichon exhibited in 2014 a complete invariant for the inner
Lipschitz classification of irreducible complex surface germs with isolated singularities.
• C. 2026: Complete invariant for the inner Lipschitz classification of irreducible complex
surface germs, possibly with non-isolated singularities.
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Non Pinched Complex Surface Germs

Let (X , 0) be an irreducible complex surface germ. We say that (X , 0) is non pinched if
its normalization

n : (X , 0) −→ (X , 0)
is an immersion at every point of X\0. The surface (X , 0) is said to be pinched
otherwise.
• The Whitney umbrella, defined by (XWU, 0) :=

(︁
{x2 − y2z = 0}, 0

)︁
. is non pinched

n : (C2, 0) −→ (XWU, 0) ⊂ (C3, 0),
(u, v) ↦−→ (uv , u, v2).

• The cusp, defined by (Xcusp, 0) :=
(︁
{y2 − x3 = 0}, 0

)︁
. is pinched

n : (C2, 0) −→ (Xcusp, 0) ⊂ (C3, 0),
(u, v) ↦−→ (u2, u3, v).
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Construction of the Complete Invariant for Non Pinched
Surface Germs

Let (X , 0) ⊂ (Ck , 0) be a non pinched surface germ and consider its normalization
n : (X , 0) −→ (X , 0) ⊂ (Ck , 0),

p ↦−→ (f1(p), f2(p), . . . , fk(p)).
Denote by g := n∗(< ·, · >Ck ).
• There exists holomorphic functions g1, . . . , gr ∈ I(f1, . . . , fk) on (X , 0) and λij ∈ OX ,0
such that

dgi =
k∑︂

j=1
λij dfj , i = 1, . . . , n.

and the image of the map
G : (X , 0) −→ (XG , 0) ⊂ (Ck+r , 0),

p ↦−→ (f1(p), f2(p), . . . , fk(p), g1(p), . . . , gr (p)).
is a complex surface germ with an isolated singularity and G is its normalization.
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Construction of the Complete Invariant for Non Pinched
Surface Germs

We have the following commutative diagram:

((X , 0), gG) (XG , 0) ⊂ (Ck+r , 0)

((X , 0), g) (X , 0) ⊂ (Ck , 0)

G = (f1, . . . , fk , g1, . . . , gr )

n = (f1, . . . , fk)

Id Pk

where (XG , 0) is a complex surface germ with an isolated singularity at the origin of
(Ck+r , 0) and G is its normalization.

• There exists a constant K such that: K
⃦⃦
u

⃦⃦
gG

≤
⃦⃦
u

⃦⃦
g≤

⃦⃦
u

⃦⃦
gG

.
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Thank you for your attention!

Dziękuję za uwagę!
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