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The Gauss map

Let M be a smooth oriented surface and let
F:M—R?

be an immersion.

The Gauss map assigns to each point its oriented tangent plane:
g:M— Grt(2,4), g(p) = T,M C R*%.

Here Gr'(2,4) denotes the Grassmannian of oriented two-dimensional
subspaces of R*.
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Pliicker coordinates on Gr™(2,4)

Let (e1, €, €3, e4) be a positive orthonormal basis of R*. If V C R* is an
oriented two-plane with positive orthonormal basis (v1, v2), write

vi A\ vo = aize1 A e+ anzer A es+ aziez A\ ep

+ azgez A eg + agger N eg 4+ angen N eg.

The image of the Grassmannian is characterized by

2
12034 + 310014 + 30004 = 0, Z aj =1
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The product structure Gr'(2,4) ~ 52 x S2

An orthonormal basis of A2R* adapted to the Hodge splitting is

X1 = %(el/\eg—l—e3/\e4), )41 ((:"1/\62—63/\64)7

ks g

s(2Nes—eNe),
(e3 Nelr— e Aes).

X2:%(€2A€3+€1/\€4), Yo
X3:%(e3/\e1+62/\e4), y3 =

If vi A vy = 371 Bixi + 7iyi, then

1 1
—{S#=3 Ti-yl-sxs
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Components of the Gauss map

Using the decomposition Gr*(2,4) = 51 x S, let
w5 xS —S;, i=1,2.
The two components of the Gauss map are
gi=mog:M—S§;, g=(g1,8) M — 5 x5.

These two spherical maps encode the tangent planes through the self-dual
and anti-self-dual parts of A2R%.

5/30



Darboux frames and the Gauss map

Let (e1, €2, €3, €4) be a local Darboux frame on U C M: it is positive
orthonormal, and (e1(p), e2(p)) is a positive basis of T,M. Then

glu=eale.
Consequently,

1
g1|U:§(e1/\ez+eg/\e4):

1
X7
V2

| 1( A A es) .
= —(e — e e)=—=y1.
82|uU 5 1/\ €2 3 4 \ﬁh
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Structure equations

For the immersion F : M — R*, write
dF = 61e1 + 0res, 9;:<dF,e,~>, i=1,...,4.

The connection forms are defined by

4
de,- = Zwijej, w,-f = (de,-, ej).
j=1
They satisfy
A3 =04 =0, w,-j = —wji, w,-i =0.

The Gaussian curvature K and the normal curvature Ky are determined by

dw12=—K91/\92, dw;:—K/\/Gl/\HQ.
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Singular sets of the components

1

For the local expressions g = 731 and g» = %ﬂ, one obtains

Moreover,

1 1
dg1 = ﬁ(wﬁl —wi)x + ﬁ(—‘“f — w3)xs,
1

1 3

dgr = \@(—Wf —wi)ys + \ﬁ(wf‘ — w3)ys.

(K 4+ Kn)01 A 02 = (wi — wy) A (wi +w3),
(K — Kn)01 A O = (wif —wi) A (w3 + w?).
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Jacobian of g;

Definition

The Jacobian of a map gj : M — S; is a function J(g;) : M — R such that
gio = J(g) dA,

where o is the area form on S; and dA is the area form of M.

Theorem (Blaschke; Weiner; Hoffman—Osserman)

The Jacobians of the components of the Gauss map are

J@) = 5(K+Kn),  J(g2) = 5(K — Kn)

Thus the singular set of gj is
Ti={peM:K(p)— (~1)Kn(p) = 0}.
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Generic properties of g;

For a generic immersion M — R*, the following hold.

(1)
( _( 1 KN)’{K 'KN:o}#O’

so the singular set is smooth.
(2) The kernel line field

{wf +(-1)w =0, wi' —(~1)w; =0}

is transverse to the singular curve, except at isolated points where it
has first-order tangency.

These exceptional points are cusps; the remaining singular points are folds.
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Generic self-intersections and stability

For generic g; the following additional condition holds.
(3) If p,g € M are distinct points such that

K(p) — (—1)'Kn(p) = K(q) — (=1)'Kn(q) =0,  &i(p) = &i(q),

then the images of the tangent lines to the singular curve at p and g
meet transversely in T, ;) S;. There are no triple points of this type.

Theorem (2024)

Properties (1)—(3) above are generic. If an immersion M — R* satisfies
them, then g; is stable.
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A rigidity theorem

Theorem (Hoffman—Osserman)

Let M be connected. The following are equivalent:
gi(p) = constant for all p € M,

and there exists an orthogonal complex structure J on R*, preserving the
orientation for i = 1 and reversing it for i = 2, such that M is a
holomorphic curve in C2.

This identifies constant components of the Gauss map with complex
curves for suitable orthogonal complex structures.
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gi-¢lliptic, hyperbolic and parabolic points

A point p € M is called

o gi-elliptic if '
K(p) + (=1)*"Kn(p) > 0;

o g;-hyperbolic if '
K(p) + (~1)*Kn(p) < 0;

@ gj-parabolic if _
K(p) + (1) Kn(p) = 0.

Here i =1, 2.
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Contact with holomorphic curves

Locally, write M as the graph of a map
(a,b) : (R?,0) — (R?,0),

with first derivatives zero at the origin. Compare M with the graph of a
holomorphic function

The contact map germ is
k(x,y) = (a(x,y) = Rep(x + iy), b(x,y) — Imo(x + iy)).

Two contact germs k, k are K-equivalent if

k(x,y) = A(x, y)k(®(x, y)),
where ® is a diffeomorphism germ and A(x, y) is an invertible matrix germ.
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Singularity type via contact

Theorem (2024)

Let k be a contact map germ of M and a holomorphic curve with the
highest contact in s-jets at p.

Q p is gi-elliptic iff k is contact equivalent to a germ with two-jet
(x2 +y2,0).

Q@ p is g1-hyperbolic iff j>k ~ (xy,0).

© p is a corank-one singular point of g1 iff jk ~ (x2,0).

Q p is a fold of g1 iff 3k ~ (x> + y3,0).

@ p is a cusp of gy iff j*k ~ (x> £ y*,0).

@ p is a corank-two singular point of g1 iff j*k ~ (0,0).
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Mean curvature and a bilinear form

The mean curvature vector is

1 1
H = §(w13(61) + w3 (e2))es + 5(%4(61) +wy'(e2))es
Let H- be a normal vector field such that

<HL3H>:03 |HL‘:’H|’

and, where H # 0, the pair (H, H) is a positive basis of N, M.
For v,w € T,M define

Bg. (v, w) = (dgi(v), H- A w), i=1,2.

Then By, is a smooth symmetric bilinear form.
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Quadratic forms associated with g;

Definition

The quadratic form of gj is

Qg (v) = (dgi(v), H- A v) = ab3 + 2b610, + c63.

Proposition

Its discriminant is

A(Qg) = —gIHR(K +(-1) 7 Ky),  i=12

Thus the sign of K + (—1)""1Ky controls the type of Qg,.
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Relation with the first fundamental form

Let /s be the first fundamental form on M. Then

1/, 1

le = 5 (gl 151 + E(K + KN)’I\/I) s
1/, 1

Qg2 = —5 (g2 IS2 + E(K — KN)/M> .

These formulas relate the quadratic forms defining gj-asymptotic lines to
the pullbacks of the standard metrics on the two spheres.
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Classical relation and total quadratic form

Let /)y be the second fundamental form and let
Him(v) = (dg(v), dg(v))

be the third fundamental form. The classical relation is
v+ K Iy =2(H, ).

Consequently,
<H7 ”/Vl> = le - ngv

gik/51 _gékISQ + Knlm = 2Qg7 Qg(v) = <dg(V), HL A V> = le + ng-
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A holomorphic-curve interpretation

Let p e M.

Q If H, # 0, then there exists a J-holomorphic curve C;, for a complex
orthogonal structure J on R*, preserving orientation for i = 1 and
reversing orientation for i = 2, such that

Qg/|P |H |3 ( 1) (IIM - IIC:’)|P'

Moreover llc,|, is determined by

<HJ_> ”Q)’P = <HJ_7 IIM>‘P‘

@ If H, =0, then for every 0 # v € N,M there exists such a
holomorphic curve C with

<V7 ”C>|P = <V7 IIM>|P
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gi-asymptotic directions

Assume p € M, H, #0, and 0 # v € T,M.

Definition

The line span(v) is a gj-asymptotic direction at p if
ng(v) =0.

The integral curves of these directions are called g;-asymptotic lines.

If pis g;-hyperbolic, then there are two g;-asymptotic directions at p. If p
is g;-parabolic, then there is one gj-asymptotic direction at p.
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Local equations for gi-asymptotic lines

Let H, # 0 and let (eq, e, €3, e4) be a positive Darboux frame with

H

e3zm.

Assume K(p) + Kn(p) < 0. Then

Q= 3 (i (1) + wBlE)) (F — )b + (3 +wi)6n).

Hence, when the indicated coefficients are non-zero, the gj-asymptotic

lines are given by
wP —wy +/—(K+ Ky) o =0,

or equivalently by

w3 4+ wit £ 1/—(K+ Ky) 61 = 0.
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Folds, cusps and the quadratic form

Let p € M and H, # 0.
© p is a simple fold of Qg if and only if p is a fold of g;.

@ If p is a folded saddle of Qg,, then p is a negative cusp of g;.
© If p is a folded node or focus of Qq;, then p is a positive cusp of g;.

The local dynamics of asymptotic lines therefore detects the singular type
of the Gauss map component.
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g1-asymptotic foliations

a, B, _ v uvu+v) | aud | But
X4Bu,v) = (u,v, 5 + 50 + S + 5, uv)

A Ordinary fold a=1,8=0 B Folded saddle

-150 -125 ~-100 -0.75 -050 -025 000 025

o2
C Folded node a=0, B=49/16 D Folded focus
0.25 0.25
0.00 0.00
~0.25 =0.25
© -0.50 050
2 2
3 075 S 075
-1.00 -, -1.00
-1.25 - -1.25
-1.50 - -1.50 -
-1.0 -05 0.0 05 1.0 -1.0 -0.5 0.0
uno- w0
—— p. branch —— Parabolic curve K +K" =0 -=-- Saddle separatrices / strong node curve
—— p- branch No real asymptotic directions

Numerical integral curves of the exact BDE. Axes use different scales; these are local coordinate portraits.

a=0,p=0
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0t

P02

Lifted phase portraits

Coordinates (u, p) on F = a+ 2bp +cp? = 0, with p = dv/du; each trajectory projects to a leaf.

A Ordinary fold a=1,8=0 B Folded saddle
2/
11
o S
3
1
2
-150 125 -100 -075 -050 -025 000 025
U102
C Folded node =0, B=49/16 D Folded focus
2 2-
1 1
0 S o
3
-1 -1
2
10 -0 0.0 05 10 S
u/10~?
—— p. branch —— p_branch =-=- Saddle separatrices / strong node curve

Numerical integral curves of the exact BDE. Axes use different scales; these are local coordinate portraits.

a=0,8=0
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Curvature directions from the Gauss map

For a normal field v, define the quadratic form
Cu(v) = (dg(v),v Av),veT,M. (1)
Let Jr be the positive tangent rotation, Jre; = €. Then
Cu(v) = —=(ll(v,d7rv),v). (2)

A nonzero vector v satisfies C,,(v) = 0 if and only if it is an eigenvector of
the shape operator S, defined by I(S, v, w) = (ll(v, w),v).
Taking v = H* gives Cyi = Qg + Qg

Definition

For H(p) # 0 and Sy # 0, the g-curvature lines are the integral curves of
the two H--principal direction fields.
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Gauss—Bonnet type formula |

Theorem (2024)

Let M be an oriented closed surface, and let M — R* be an immersion
satisfying the generic properties above. Then

2y (M) = / K + Ky| dA + 2/ k() da.
M {K+Ky=0}

Here kg denotes the geodesic curvature contribution along the singular
curve of the corresponding component of the Gauss map.
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Gauss—Bonnet type formula Il

For the same class of immersions,

1 2 - -
W/MKdAZZ;(X(M;JF)—X(Mi )+S;_Sg,-)’

1 2 i-1 + - +_ o
o 4A= DD (M) (M) 5 = 5 )
where
Mt ={K > (-1)"'Ky}, M7 ={K < (-1)" Ky}

The quantities 5; and S, count positive and negative cusp contributions.
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Embedding corollary

If M is an oriented closed surface and M — R* is an embedding satisfying
the generic properties, then for j = 1,2,

X(M) = X(M) + 2 (55— 5;).

(M) =2 (55— 55)

These identities express the topology of the elliptic and hyperbolic regions
through cusp counts of the Gauss map components.
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