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The Zariski multiplicity conjecture

Let £, g: (C™,0) — (C,0) be two isolated singularities.

(ZMC) If f, g are topologically equivalent (= V-equivalent) then
ordf =ord g.

Definition. f, g are topologically equivalent (= V-equivalent) if
there exists a homeomorphism

(€M V(f),0) = (C",V(g),0).

V-top.
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The conjecture on the invariance of the tojasiewicz exponent (Ct).
Let £, g: (C™,0) — (C,0) be two isolated singularities.

(Ct) If f, g are topologically equivalent then
L(f)=L(g).

Definition. The tojasiewicz exponent L(f) of an isolated
singularity f is

L(f) = inf{d: [|V(f (D] = C |||}

in a neighbourhood of the origin in C™ for some C > 0, where

Vf (2):=(5 0 (2), 5o (2)) =i gradf (2)

azl



The tojasiewicz exponent of a singularity
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1. Many formulas and estimations of L(f) in various terms and
in various subclasses of isolated singularities.

2. L(f) determines the C°-sufficiency degree of f.

3. Many relations of L(f) to other invariants.

4. One formula for L(f), needed in the sequel: L(f) is the
highest polar invariant of f minus 1.

5. Many mathematicians were engaged in studies of L(f).
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1. Theorem. Ct is true for n = 2 (for plane curve singularities).
It follows from a formula for L(f) of f: (C4,0) — (C,0) in
terms of characteristics of branches of f and their mutual

intersections: if f = f; ... fi then

(Kuo, Lu 1977, Ptoski 2001). Since B(f1), ..., B(fx), (fi, f;)) are

topological invariants of f then L(f) as well.
2. Theorem. (C. Bivia-Ausina 2017) Ct is true in bilipschitz

category.
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Information on the Ct.
3. Theorem. (Brzostowski 2019) Ct is true for non-degenerate
singularities with the same Newton diagram.

4. Reduced Ct (B. Teissier) If (f5) is u-constant family of isolated
singularities then (f5) is L-constant family.
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Negative solution of the Ct.

Philippe du Bois and Francoise Michel The integral Seifert form
does not determine the topology of plane curve germs. ).
Algebraic Geometry 3 (1994) 1-38.

Theorem. L(f) is not a topological invariant of isolated
singularities f: (C",0) — (C,0) forn = 4.

Corollary. Ct is not true.
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Seifert form

The Seifert form of an isolated singularity f: (C",0) — (C,0) is
a Z-bilinear form L: H,,_{(F;Z) X H,,_{(F;Z) — Z, where F is
the Milnor fiber of f.

Remarks. 1. | will explain this notion at the end of the lecture.
2. Recall H,,_,(F;Z) is isomorphic to Z*, u the Milnor number
of f. Choosing a basis in Z* it is represented by a matrix.
3. It is a general notion from higher-dimensional knot theory.
4. Formal definition is

L(a,b) := LinkingNumberSZn-l(a, B),
where b is a monodromy shifting of the cycle b.
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1. There are plane curve singularities f and g :(€C?,0) — (C, 0)

V-top.

of different topological type i.e. f + g (exactly they have
different dual resolution graphs) such that L = L.

2. They noticed a known result: Seifert form is a complete
topological invariant forn = 4 i.e.

V-top over Z

F~G © Lp=Lg.
for isolated singularities F, ¢ in at least four variables.
(A. Durfee, M. Kervaire, J. Levine).
3. They noticed next known result: Suspension preserves the
Seifert formi.e. if Lr(yy) = Lg(xy) and h(zy, ..., z,): (C", 0) —
(C, 0) is an additional isolated singularity then Lrgy = Lygyp,
where f @ h, g D h are direct sum of sing. (Sakamoto 1974).
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Results of Philippe du Bois and Francoise Michel

4. In particular for h(z,w) = z* + w? if Ly = L, then we have

over Z
LfGBh = LgGBh-
5. So, by item 2
flo,y)+z2+w? <" glx,y) + z2 + w?.

6. It is easy to see that the tojasiewicz exponent is invariant of
the above suspension

L) = Lf(x,y) +2° +w?),

L(g) = L(g(x,y) +z* + w?).
7. Assuming (Ct) we get from item 5 and 6

L(f) = L(g).




Results of Philippe du Bois and Francoise Michel

8. In the families of pairs (f, g) constructed by P. du Bois and F.
Michel with different topological types and the same Seifert
forms there are such ones which have different highest polar
invariants. But the latter determine the tojasiewicz exponents
of f and g. So for such pairs

L(f) # L(g).

This contradicts equality in item 7.
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Results of Philippe du Bois and Francoise Michel

9. An example of such a pair:
f=hr g = Y192

(t3 + t21,kt6) (15\4,‘1:6 +t?) (t® + tz,{% (t\‘*,‘t6 +t7)

Characteristics and intersections of branches:

(6,8,21), (4,6,9),24 (6,8,23), (4,6,7),24
1
L(f) = 165; L(g) =17
Equations:

f — ((x3_y4)2 _ 3x4y7 _ 6xy11 + 3x2 14 21)((x ) _ 4X6y _ x9)
g= ((xB_y4)2 . 6x3y9 . 3y13 + 3y18 23)((X 2)2 7 . 4_x5y)



Results of Philippe du Bois and Francoise Michel

For these functions f and g putting
F(x’y’Z’W) = f(x’y)

G(x,y,z,w) = glx,y) +z*+w

we have

V-top.

and

Z

2

w?,

2
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Problems

Problem 1. In the plane (n = 2) the tojasiewicz exponent is

topological invariant. For n = 4 the tojasiewicz exponent is not

topological invariant. Decide what is in the case n =3.

Problem 2. Reduced Ct is still open: if (f;) is u-constant family

of isolated singularities then (f;) is L-constant family.

Problem 3. For the above examples of f(x,y) and g(x,y) for

which:

1. f(x,y) and g(x,y) are not topologically equivalent,

2. f(x,y)+ z*+w?and g(x,y) + z* + w? are topologically
equivalent,

find a direct proof of 2-nd assertion.
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Seifert form
For simplicity n = 2.
f: (Cz, O) — (€, 0) an isolated singularity.
B — small ball around 0, 9B = S3- three dimensional sphere

O:S3\V(f) - St, d(x,y):= f(x,y)/|f (x,¥)| - Milnor fibration
F :== ®~1(1) — the Milnor fiber of f, H(F;Z) = 7+

F

B

he: @7 1(1) - d71(e2™) — the geometric monodromy for te[0,1]
heo: H{(F;Z) » H{ (@1 (e*™); Z) — the monodromy induced by h,



Seifert form

The Seifert form
L:H{(F;Z) X H{(F;Z) — Z
L(a,b) = Lks3(a, ha (b))
2

Lk¢s - the linking number of cycles representig (a, b) in S3



The end

Thank you for your attention.
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