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Definition . _
Let X € R" be a nonsingular real affine variety. Let M C X be a

smooth compact submanifold of X. We say that M admits algebraic
approximation in X, if for every neighbourhood U C C*°(M, X) of the
inclusion i : M < X in the C*°-topology, there is a map j € U, with the
property that j(M) is a nonsingular algebraic subset of X.

Theorem (B., 2026) . _ _
Every smooth compact submanifold M ¢ R" admits algebraic

approximation in R".

Real approximation problem '

Let X be a compact nonsingular real affine variety and let M C X be
its smooth compact submanifold. Decide whether M admits
algebraic approximation in X.

We don’t know how to solve it in general even in the simplest cases
X=RP"orX=S"forn > 6.
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Algebraic approximation, complex case

Definition .
Let X € C" be a smooth complex affine variety. Let U C X be a Runge

open subset of X. Let M C U be a closed complex submanifold of U.
We say that M admits algebraic approximation in X, if, after shrinking
U slightly, there is an algebraic subset Y of X such that YN U is a
small deformation of M N U.

Complex approximation problem (Cornalba-Griffiths, 1975)
Let X € C" be a smooth complex affine variety, let U C X be a Runge

open subset of X and let M C U be a complex submanifold of U.
Decide whether M admits algebraic approximation in X.
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smooth submanifold of X of codimension one. Then M admits
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Example , .

If X =RP", or X =S" for some n > 0, then every codimension one
submanifold of X admits algebraic approximation in X. Indeed, in
both cases H},,(X;Z/2) = H'(X; Z/2).
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Codimension two examples

Example (Benoist, 2024)
Let

i: RP* — R* — RP' x RP?
be an embedding of RP? (as a smooth manifold) into an affine chart
of RP' x RP3. Then i(RP?) does not admit algebraic approximation in
RP' x RP.
Example continued (B., 2026)
The Klein bottle can be embedded into R* in such a way that it
admits algebraic approximation in RP' x RP?. However, it can also be
embedded into R* in such a way that it does not admit algebraic
approximation in RP' x RP?.
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The case of large codimension

Theorem (B., 2026) ‘ .
Let X be a smooth complex affine variety, U be its Runge open subset

and M C U be a complex submanifold of U of dimension d. Assume
that 2d < dim X. Then M admits algebraic approximation in X.

Theorem (Benoist, 2024) _
Let X be a nonsingular real affine variety and M C X be a smooth

submanifold of X of dimension d. Assume that 2d < dim X. Then M
admits algebraic approximation in X if and only if its class in MOy(X)
lies in MO%'%(X).

1
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Let X be a nonsingular compact real affine variety and M C X be a

smooth submanifold of X of codimension c. Then M admits algebraic
approximation in X if and only if the Real cobordism class in MR“¢(X)
corresponding to M is lies in the image of the natural comparison
map

QY(XE) — MRSC(XE) — MRS(X).

Here XC is the complexification of X, i.e. its Zariski closure in C"
considered as a scheme over R.

Theorem _

If Conjecture Il is true, then, for every n > 0, every smooth
submanifold of RP" admits algebraic approximation in RP".

The “only if” part in both conjectures follows simply from the
definitions. Both of the conjectures are true if c = 1,2 and if
2¢c > dimX.



Thank you for your attention!
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