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TERMINOLOGY

By a real O/LOOL@MO Va/riebé) we meoun,
o ol/[,.,a,sg',?)vw&eatﬂvc real va/r'f/e/tj. Mm*PkLsms
ol real a,[,%g,bqvaw vorrielties are called
rr'e,%u,ﬂwr ma/ps.

Eoch real algebroic vort in The
semse wsed kmL%?f a/ctouwu;d;jﬁi/m&j
thot Us, ESOwuo'r'Pf?bl:c to am aJ/%@braLo
set i some [R". This fact allows ws
to describe 'r"e%wtar Pumclions amd
*a%rwbwr maps m G sC/m/FL& Way.




Let XCER™ amd YER' be a/lx%e,bm/z}c 66{2’;)
amcl Let US X be o Zariske opem/ set.

A fumction
\¥: U—K

vs regular VSL? there exist two {Doiﬂéfmomia/f/
fwno rons P> R R*™—R such that

QY#0 amd \f(x)—:—g%% Sor all xeU.
i WU
?‘[‘Fp-..ﬂ%)lU"‘)YQTRP

LS fr%%wbaxr AT its COmFWWt5 ?1)“')%
ore -re,%w!,a/r functions.




CONVENTION

Each real oJ,%ebfra,Lc Vam',et% Ls emd.owed
with the Zorisky to pology omd the Ewelideam
bOPO{o%H Unless e,xP&/u/ stoted
of:h,{w'wvse) we use 'Hfu?/ ELLC, ud,eam, ‘tof)o{,o%g

DEFINITION
let X and Y & monst wLa)r real a«L%dﬂ“aM,
va/n/e;h,eb) omd let k=0,1,.. 00 Wes

thot o ”6 fwa/F 1+ X"“‘?Y com be, &,pp'r"oani)j;ed
o the €° Topology, by reaular MBS ﬁ
on'l" every mbhd “ﬁ(’c ‘Chtjx Y) o-Y'Jf- th,org exisls

The €° toaooﬂo%v}maww&% here s also kmown as
the comPQ/c/f—op?m/ 'C f?o]oo {3% o~ H‘/& Wf’/a/k
'6 150[90{0%

THE WEIERSTRASS AFPROXIMATION THEQREM

Evfrrbt '6 /m,o\/P X_"R com be a P’Y‘OXUWLQM
i the €° bo]ooﬂo%\é b«é w“f/%ulax maps.



GOnL

Fytemd the Welerstrass theorem to Y- volued,
m«ﬁxlas .

TWis commot be dome, dxifre/c/t?fé 5(nLe We
emcounter the following phemomeno:

- 114X X)) cam be wFPmXMw'bed i the T
-bopoffogé) them Y s hom/o?&)f)f/o to o ve%tdam ‘mop.
- IF Y is compact conmected, with dim Xy (
Then there exists o compa,dt ms[/n,%ww
real al,%ebmu{/c, vomiehy X amd v T¥m
F: X—=Y such that ¥ is mot }meo‘f}oloba to
amy veqular map (JBochmak, WK, 2007).

o |0 X=S‘={(x)@€[R2: x2+1§=13 ovnd.
Y:f(x) Ye R - xq-wgq:\’j) then ev N%b(,l,o.n"'
mop —Y s comstamb. In POTE;W’
WW% ‘@m fvma/los X'—"Y) or_wl/say ‘bhose, tha:t
ore, constoml coum be axpprwxilmai:ed 195,
requlor amaps. Note that if X—>Y s
mob 5%&0&@%7 ok os IMO’WLOtOF(:C‘/ 170 a
me%u,!,wr Ap.




DEFINITION ( APPROXIMATION PROPERTY)

let Y be ou%ornsf/w%w{,a)r m&ol,a/L%&braix:,v el
We soy that Y has the oquFmXMtLon proper

o ,

(t) for every %O%S(/n%wla» el M%ebmo
vouﬁ,e/l"{} X) omd

(D) every ﬁ”w $:X—=Y swch that § is
homoto[o{,c, to o rr*e/%wtar Map X--‘:Y)
the map { cam beafpmxﬂm/am m the €7
‘bOFO'f’O%‘j bv} me%»m TLRPS %1 W —Y.
QUE STION

Whaot ore examples of real aL%exbfrvaLo Vo ielie s
with the q,]apmx{/m(vtbow F'ropmt%?

b will desoribe two classes of swch vorieties.



DEEINITION (HOMOGENEOUS SPACE)

A reol o/Lcazmec vam{,e/té Y i3 a homo%ernwws
space for o Limear algebraic group ¢S GLam,R)
A b admits a tromsitive ai%ebfmc action,

G | (ax,\g)t—-»o,-lj.
vag ho'm/o%e/nwws space L% %ons&n%wbcw,

When we ff"e-?ejr' To h,omo%eﬂwows SPQ/(‘,&S) we
neam Mm%wwows spaces for limear
(1) The wnib n-sphere S"cK™" s 'fbomag%m
SpOCe Yor SO(m+l).
(21 P™(R) ts e homogeneows space Jor GL{n+|,R).

(3 ) The Grassmeomm vourie G'rk(R%) o8
a hom%@nﬂows SpOLE, G]__(m_) (FQ

THEOREM (J. Bockmak, WK, 2022)

Ev howiogeneows $ hous the appro-
xf/zgt:ow F%@Pe/r‘baf W F[ﬂ



DEFINITION (RATIONAL AND UNIFORML RATIONAL VARIETY)

Let Y be am (rredicible m-dimensional reol
braic vorieh,. We say That Y s ratiomal

?;/(?g; mm%onwép Zourtskd GFem./

swbset that s bﬂme%wLwr isomafr'[ofn/[}o to

a Zourisky Open subset o} TR™. We say that

Y s wnilormly rational v} every Faﬁmft m Y

has o Zaniskt %P?m, mbhd That Us bire-

%WLO/VL\& LSOWPU/(‘/ Yo o Zaurtski o‘of‘m,

subset of R™

OPEN QUESTION (Gromov, im the comeplex
.se)ttf/vb%j {989)

Sw\oF05e, that Y ts ratiomal amd '\’LO\’LSL%%LLLM.
ls Y u}YLVFO""Y(bLa rational !

(1) 3%, P*(R), Gr (R™) are u/mf?omnlg rotional
(2\ 1£Y Cs WW;{ 'Y‘Odio'ma,f,) Them 6\:?/\"(} \

thuuq/F o¥ Y @/’Wjﬂ oL ﬂfvoﬂ”uiw;.%@w Z&JT'I\/SI(A/
closed. conter Us also u/n,LlfmmL\i
ratiomal.



q

THEOREM (3. Bamecki, WK, 2025)

E m&{ioml% rotionol real a,l%eb'r‘mc/
va% has the w\:proxf/mai(,m thé'
REMARK

() 1 o5 mot kmow whether ever a/l,%@é'f‘ﬁ/i}c TWF
GEGLm,R) s rational.

(2) There, are real homo%exmews s paces that
are mot ratiomal. fn a-pproprate example,
duwe Yo, J-L. Colliot-Thelme amd J-] Samsuc
vS Sophis‘bic,aied_

(3) There oure my'ombé mi}uomi reod, O/L%E’/W
voriveties that are mat homogemeows SPaces .
A trivial example s NS A more
L%WSW example vs a blowup of PA(R)
ot 2 Poimjis.

!

One of ouwr moun theorems s a chonra -
cterication of seal algebraic vorieties with,
the &Fpmxm@ leomté‘ We. be%fm, by
m’bmd/wovn% the MLLSSONY motioms .
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DEFINITION
Leb Y be a 'vwnsfm.%uiwr ol a/l,gebmm vwifis&.

(1 (Spmht) Aépﬂg_(E)ij) ?0'!‘ Y consists oFam, a/L%ebmi,c
vector bumdle P:E-—>Y ovenr- Y amcl,a,'ff%aulaﬂ'rmq,f)
s:E—Y such that 5(0%\‘—'-’3 for all "E]LG,Y.

2) (Dowu}n,ai[/v»% Sf’mﬁ) i spray (E,p,s) for Y is said,
to be dmwvmilm% f;F) Forr 6\/«%3 \3{6\() the

E.}-—%\( . v s
S @ subwersion at 0\36 Eg.

(3) (Madleable vwnx/f/a) The vauriety Y vs called,
malleable !\/Sf it admuls a d,ommail\/rui st,j

k/omo?jmeows Wni?—o*rmbé ratiomal

Bochmak. " K Bomecks, K
malleoble

Bochmak, K )
QUppTOX Lmation mewt%

1
&Pmef/mai?Low FQ‘OPP/FTRJ = malleable



I

For Topo ccal space T leb Q(T\
demote m wi:&?on of ZLL 'P@Laj;f,ve,ﬂ} C(mef)a,c):
open subsets of T.

(4) [Qwousf,-s‘omzé{). A Qrasl= S oy (E,P,{Svi){f(:‘vﬂ
for Y comsists of am G/L%Ebrau‘/ vector bumolle
pE—Y over Y and two collechions {s, }, {z, }
LTS [ | 1,,2( VEQL(Y), where syiE—Y is
a 're%xdammafp and, 'EV:\/——>E sa T
map such that

SV(‘CV('z))::lJ( omal P(TV(E)):'Z[ -Fo'r’a/u, n&e\/,

o (DO%W Jpase=s ). Aquast-s e
(E>?){Sv},f’tv'ﬂ for YES 5CuL 'tjbec{,o F .

"

i, for Bve/ﬂ& VeQE) amd every néfe\/) the °©
"rﬂ%b(lm fm,a«[a
EZ——vY 5 Sy{(v+T, )
oS o subwmersion at 036 E%,
€Y (Quasi-malleable Va/N,Ei,(j) The vam',d;% Y
is called quasi-malleable if it admits
o dﬂmwwium% %L{/O/SL".SPT‘O/%.




(2

Note thot
malleable => va&/S!}*ma/LLewb{e,.

mdeed, vf (E, P,s) Ls Q& OLOMW\,% 5p
Yoo Y| then (E)P){SV}){TV})) where s\é=;ﬁgamd,

Ty =0 for all \/EQ(\G} vS G dowwm:d,w,\}

QuuAsi=s pray for Y.

THEOREM (J-Bamecki, WK, 2025)

Let Y be n monsimgulor real algebraic Vam‘d;"ﬁ‘
Them the ?ouou&'/:;? wwd,dﬁmgait’/f‘%ﬁ \"/C?H/b\/azif/n,t

@) Y has the approxvmation F""OP%%‘ .

b) Every T° 6:TY—Y, with o(0,)=
?o:rgvbb «364:121900”2/ be a,Fmema,ted,%m ¢
the € %oPo{o%g by regulon maps.

) Ewmér T” map ¢ YxR—Y, with ply0)=y
for all yeY, cam be approximated in

the ‘C% to{bo{,a%% 512 T"E'«%u/LO-N’ maps.
)y Y s %u@sb molleable.
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COROLLARY

Let X be opu,o,sz}—ma,%&abte, amd. let meZ .. Thew
evm& "Cm "o (KM'-—>Y com be @Pproxma,tcd,

oo the €7 bopology. by requlor mAps.

P'roo{. I 5%%6005 to mote that the Last theorem
S a/FPEvCa/bﬁe stimce RT—Y s mull frwmo&)rf/&. O

We alse have o result Thotl combimes appro-
womation with bni}e/rPo'Lan&o«L.
DEFINITION (APPROXIMATION- INTERPOLATION PROPERTY)
Let Y be o moms f/n,%wf.aﬂ' real wl%cbrai,c, Vwriebé.

We say that Y has the approxumotion-wmierpolation
property i,

(¢) for every. rvwnsi«m%ulwr real a,l%ebfrmp vwr{,ei'g X)

) every %Omsi/nﬂwLaﬂ’ Zoniskr closed. wavmf/\’i?f
RE X, and

©a) evory € map f:X—Y such That flg s
o fre%ulwr map omd. ¥ us h,omotoPLc relative
to h i’oa/'r@%ulan'mwp X"%Y)
the mMep Leam be approxymated mthe T° 1':0[00{0%% {71;[
‘T“Qg,wLQJP MAPS %Z X—Y 56\?’3551“%"/"'«@ %M :‘%[p( -



H

THEOREM (7. Bomecks, WK, 2025)

et Y be o frvowsi,'vu}uiom Teol azb%ebﬂ'oul Vm,
Then the 'FOU,ON‘DV,,% comditions are B%LV :

@)Y has the aFwai/vmijbn,- {/wie/r(csoﬂaﬁon F'rop&f'%.

(b) Every Cmap 6 TY—=Y, with ¢ (0 ):% for
all 4eY, cam be approxvmated in The &
topology by requlor maps T TY—Y
Sa:kislfagb% T (0?\23 for ol %tY.

©) Ev ﬁww Y xR with @ly0)=y Jor
a,LL%a{eY) com be @PWXW&/M v ‘Hw; l
Jcopo%,o%% b% Te%u,ba/r/ MADS \yIYXR‘“‘>Y
safisiyung lvxio = Plyeqoy -

@AY Y s malleable.

As indicated a,bove,) M/ue,a/bbaﬁé [/m,Pﬂ[/e,_s
q,woqsi-meﬂeoabbuf:%. Becawse mbﬂmbi,f,&t% LS
easier o ve/ri/?z, the approximation- LWTEoLaﬁpm
F"‘OFM}} admils o sE/m,P{em characterizotion,

Tham the a/p]owx&-m,ai;aw FMPW%} Whether
quas~ maﬂewbil,itg E/m/iof/b@s molleabdily remains

am. Open %wesﬁon.




(5

To comclude , let ws mote that the mem%
umpxbcoi?wm hold. $or oll vreducible M%SDrL%ulaﬁ'
real Q/L%sz’l‘a/l:(‘/ varieties:

L”O""LO%EVYL@O%&

J
umlfofwwlﬁw‘odztom =  malleable

lL

notional %bwclsi- vaalleoble

)

Wn,“i/rwtz‘/ona/{

Recall that o meal Q/L%ebmc vartet N is
called wniralional i1 there exists a reqular
MGp xf:U‘—*Y, defimed on o Zaniskr OFM
suwbs el USR™, Porsome m, whose image
kf(U) vs Lomuski demse iy, Y. I Pm’ﬁmwﬂ«)
A umiratiomal va/r'f/@té s trreductble.




