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When I(Goo Ishikawa) was a graduate stu-
dent in Kyoto University (Japan), I started

to study, say, Catastrophe Theory, Singularity
Theory of Differentiable Mappings, Real Al-
gebraic Geometry, Differentiable Algebra and

Differential Analysis, and tried to read, among

others, the very famous paper
Ensembles Semi-Analytiques

by Protfessor Lojasiewicz:
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ENSEMBTLE S S EMI-ANALYTTIOQUES

Stanislaw LOJASIEWICZ*

Institut des Hautes Etudes Scientifiqgues
Bures—-sur-Yvette (Seine—-et-0Oise) France

*En congé de 1l'Université de Cracovie

Jdillet 1965
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And, later, I have valuable opportunity to meet Prof. Lojasiewicz:

2001 Bedlewo
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[ Special Submanifolds in a Symplectic Space ]
Let (M,w) be a symplectic manifold of dimension 2n

with symplectic form w (closed, non-degenerate 2-form) e.g.,

R*" = {(p,q)}, w=>1", dp;Adg.

Special kinds of submanifolds (possibly with singularities)

in a symplectic space:
isotropic, Lagrangian, coisotropic

N C M submanifold, TN :={(y,v) € TM | w(v,T,N) = 0},

“symplectic orthogonal”,

TN CTN*, TN=TN+, TNDTN-" .
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[ Symplectic bifurcation problem )

For a symplectic space (M,w), consider a coisotropic fi-
bration H : M — R" % 0<k<n—1, so that each fibre
H'(q), dimH~'(q) = n + k, is a coisotropic submanifold
for each § € R™"*. Then we have the fibre-wise symplectic
reduction 7 : M — R* ™% x T*RF.

y </ .

iy —Y
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[ Symplectic bifurcation problem )

The symplectic bifurcation problem is studied in the paper

Goo Ishikawa and Stanistaw Janeczko,

Symplectic bifurcations of plane curves and isotropic liftings,
Quarterly Journal of Mathematics, Oxford (2003),

and in succeeding joint papers.

Let us recall some of results shortly.

Let Kk = 1. Then a symplectic bifurcation problem of plane
curves is given by a map-germ F : (R™,0) — R" ' x T*R.

The map-germ F' is called transverse if F' is transverse to
(const.) X T*R at 0.
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For instance, in the case k = 1,n = 2, we have generically:

(I} 2/ {3/ iy
-z =/ 7/ <
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[ Classification of symplectic plane curves ]

Let R? = T*R = {(p, q)} be a symplectic plane, with a non-
degenerate (closed) differential 2-form w, say w = dp A dg.

Definition. Two map-germs f,g : (R,0) — R? are
called symplectomorphic (resp. diffeomorphic) if there is
a symplectomorphism-germ (resp. diffeomorphism-germ)
T : (R?, f(0)) — (R?, g(0)), 7™*w = w, and a diffeomorphism-
germ o : (R,0) — (R, 0) such that the diagram

(R,0) -5 (R?, £(0))
ol 7
(R,0) - (R? g(0))

commutes.
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[ Codimensions of symplectic plane curves ]
Given a symplectic plane curve f : (R, 0) — (R?,0), we in-
troduce the symplectic codimension and the differential codi-

mension by infinitesimal way:

Definition.
sp-codim(f) := dimr V¢/(tf(V1)+ wf(VH2)),
diff-codim(f) := dimgr V¢/(tf(V1)+ wf(V2)).

Here, in terms of Thom-Mather-Wall’s notations, we denote by V
the space of vector fields (R,0) — TR? along f, Vi (resp. V2)
that of vector fields over (R, 0) (resp. (R%,0)), VHy C V5 that of
Hamiltonian vector fields over the symplectic plane (R?,0).
Moreover, tf : V1 — V¢ is defined by tf(§) = f«(§) and wf :

Vo = Ve by wf(n) =no f.
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[ Algebraic invariants of parametric plane curves )

For a symplectic plane curve f = (p,q) : (R,0) — (R?,0),

we set

Ry = {he€é& |dhe (dpdq)e, },
Gy {h €& |dh e (dp,dq)s+e,},

where f* : & — &1 is the induced homomorphism between

algebras of C°° function-germs by f. We have
E1 DRy DGy D fr&s.

Then we have

Theorem.
sp-codim(f) = dimr&/f*E (=6(f)),
diff—codim(f) = dimgp Sl/gf,
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[ Symplectic ghost number (symplectic defect) ]

Definition. We call the deference
sd(f) := sp-codim(f) — diff-codim( f),

the symplectic ghost number or the symplectic defect of f.

Theorem.
sp-codim( f)

diff-codim( f)
sd(f)

C
C

'.imR 51/f*52,
limg £1/Gy,

C

‘.imR Qf/f*é'g

are diffeomorphism invariants of symplectic plane curves :
If g : (R,0) = R? = T*R is diffeomorphic to to f, then
sp-codim(g) = sp-codim(f), diff-codim(g) = diff-codim( f)

and thus sd(g) = sd(f).
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[ Symplectic classification of A-simple plane curves ]

Theorem. Let f: (R,0) — R® be a smooth (= C°) map-
germ to the symplectic plane R®* = T*R, which is A-simple
(= 0-modal) in the sense of Bruce-Gaffney, is symplectomor-

phic to one of the followings:

tr " 4+ A7 4 utt?),

(t%,
(
(
Wis (t t° + )\t7)
(
(%18 + X250 1 it TN A£0,(0=1,2,...).



Goo Ishikawa, Hokkaido Univ., Japan Singularities in Symplectic Spaces 14

[ Symplectic versal deformations of plane curves ]

Agy (sp-codim = /) :

(t27 420+1 +Z§:1 )\jt%_2j+l).
Eg¢ (sp-codim = 3/) :

(t3—|—)\t, (:|:1)£+1t3£+1—|—2§:1 th3£—3j+1_|_256 11 VthE 3j— 1)
Egpio (sp-codim =30+ 1) :

(t3 + At (:|:1)£t3£+2 + Zﬁzl ,ujt3£—3j—|—2 4+ Z?il Vjt6£—3j—|—1)_
W12 (sp-codim = 6) :

(t* 4+ X182 4+ Aoty t° + pit” + pot> + pst? + pat).
Wis (sp-codim = 9) :

(E* + A1t% + Xot, t7 + pitt? + pot? + pat® + pat® + pet? + prt).
Wf72q_1 (sp-codim = q + 7) :

(t* 4+ \t2 + pt,
+¢6 4 ¢29+5 _|_Mt2q—|—9 _|_Zq+2 Vjt2q+5—2j 1+ 02 _|_ptzq+2)7 (vo % —1).
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[ Examples ]

Example. A,: symplectic (differential) normal form (¢2,¢°),
sp-codim = diff-codim = 2, sd = 0,
sym. (diff.) versal deformation (t%,t° + A\1t® + Aat).

Example. Eg: symplectic (differential) normal form (¢°, ¢*),
sp-codim = diff-codim = 3, sd = 0,
sym. (diff.) versal deformation (t° + At,t* 4 pit + v1t?).

Example. Wi2: symplectic normal form (t*,t> + A\t"),
differential normal form (¢*,¢> +t7), (t*,t°),
sp-codim = 6,6, diff-codim =5,6, sd =1, 0.
symplectic versal deformation:

(% + Mt? + Aot £+ pat” + pot® + pst® + pat).
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Lagrangian trontal

(a new subject of joint-works)
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[ Symplectic plane frontals )

Now we would like to introduce the following notion:

Definition. The differentiable (= C'°°) map-germ f :
(R,0) — R? is called a frontal if there exists a smooth

_~

field f(t) of tangent lines along f(t¢) such that
f/(t) & f(t) C Tf(t)RQ.

A map-germ f : (R,0) — R? to the symplectic plane
(R?, w) is always isotropic, i.e., f*w = 0. We call an isotropic

frontal also a Lagrangian frontal.
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A frontal image on the symplectic plane :
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Almost all parametric C*° curves (R,0) — R? are frontals.
In particular, any real analytic curve (R,0) — R? is a frontal.
However, under C'>° deformations, tangent spaces need not

behave in C'*° nor even C° way:

A non-frontal deformation of the cuspidal edge
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A frontal deformations of the (3,4)-cusp (FEs)
A TACTA

A frontal deformations of the (2,5)-cusp (A4)

X = A=~ A
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[ Frontals and frontal deformations )

Definition. A C°° map-germ f : (R",0) —» R™ (n < m)

is called a frontal if there exists a C'°° family of tangential

~ ~

n-planes f(x) C Ty R™ such that df(T.R"™) C f(x) for
r € (R™,0).

Definition. A deformation F : (R® x R™,0) — R™ of f,
F(u,z) = fu(x), fo = f, is called a frontal deformation
of f if if there exists a C'°° family of tangential n-planes
};(x) C T, ()R™ which depends smoothly on both = and
u and satisfies df, (TxR"™) C fu(z) for z € (R™,0).
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[ A motivation — Frontal deformation theory ]

Problem: Construct the singularity theory on the

frontal deformations of symplectic plane frontals.
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[ Invariants of parametric plane frontals )
For a symplectic plane curve f = (p,q) : (R,0) — (R?, w),

weset . {h € & | dh € (dp,dg)e, },
G {h €& | dh € (dp,dq) e, },

where " : & — &1 is the induced homomorphism between

algebras of C'*° function-germs by f. Then we have:
E1 DRy DGy D f&s.
Then in addition to that

dimg &1/ &2 (= 0(f)),
dimg £1 /Gy,

sp-codim( f)
diff-codim( f)

which appeared already, we have the following result
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Theorem. (Ishikawa-Janeczko (2026)). For an A-finite
symplectic plane frontal f : (R,0) — R?, we have

fr-sp-codim(f) := dimg V;r/(tf(%) +wf(VHs))
= C.imR Rf/f*SQ,
fr-codim(f) := dimg ijr/(tf(‘/i) + wf(Vs))
— C.imR Rf/gz.

Definition. The frontal symplectic ghost number or

frontal symplectic defect of f is defined by
fsd(f) := fr-sp-codim( f) — fr-codim(f).
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Then we have

Corollary. fr-sp-codim(f), fr-codim(f) and fsd(f) are
invariants under diffeomorphism equivalence. Moreover
the frontal symplectic ghost number is equal to the sym-

plectic ghost number of f:
de(f) — Sd(f) — dimR gz/f*gz

Example. A;: symplectic (differential) normal form (¢%,¢°),
sp-codim = diff-codim = 2, sd = 0,
sym. (diff.) versal deformation (t°,t> + A\1t> + Aat),
fr-sp-codim = fr-codim = 1, fsd = sd = 0.

frontal sym. versal deformation (t°,t> + \it°).
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Example. Eg: symplectic (differential) normal form (¢°,¢*),
sp-codim = diff-codim = 3, sd = 0,
sym. (diff.) versal deformation (t° 4+ A\t,t* + 1t + v1t?).
fr-sp-codim = fr-codim = 1,fsd = sd = 0.
frontal sym. versal deformation (£ + At,¢* + 2A¢7).

Example. Wi2: symplectic normal form (t*,t> + A\t"),
differential normal form (¢*,¢> +t7), (t*,t — 5),
sp-codim = 6,6, diff-codim = 5,6, sd =1, 0.
symplectic versal deformation:

(t* 4+ Xit® 4+ Aot t° + pat” + pot® + pst® + pat).
tr-sp-codim = 3, 3, fr-codim = 2,3, fsd =sd = 1, 0.
frontal sym. versal deformation:

(t* 4+ Mt + Aoty £+ pat” + 2Xt% + 2Xat?).
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[ Another motivation — Open swallowtails ]

V.I Arnol’d, A.B. Givental’ and S. Janeczko discovered and
studied the singularity, so called an open swallowtail, which
is a Lagrangian variety in a space of polynomials of one vari-
able with a symplectic structure, around 1980’s. The open
swallowtail appears as a generic singularity in the context
of the study on shortest paths or geodesics on Riemannian

manifolds with boundary.
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[ Open swallowtails )

Open swallowtail

Swallowtail

Whitney’s cusp
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[ Previous related researches ]

— V.I. Arnol’d, Lagrangian manifolds with singularities, asymp-
totic rays and the open swallowtail, Funk. Anal, Prilo. (1981).

— S. Janeczko On stability of constrained Lagrangian submani-
folds, Bull. Polish Acad. Sci., (1983).

Generating famailies for images of Lagrangian submanifolds and
open swallowtails, Math. Proc. Camb. Philo. Soc. (1986).

— A.B. Givental’, Singular Lagrangian manifolds and their La-
grangian maps, Itogi Nauki i Tekhniki, Seriya Sovermennye Prob-
lemy Matematiki, Noveishie Dostizheniya, (1988).

— A.B. Givental’, Whitney singularities of solutions of partial
differential equations, J. of Geom. Physices, 1995.

— G. Ishikawa, (1983 Ann. Inst. Fourier), 1992 Trans. A.M.S., /
1996 Invent. math., / 2005 Asian J. of Math., / 2020 J. of Sing..
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[ Open swallowtail is a Lagrangian frontal ]

We observe that the open swallowtail is a frontal which
is embedded as a Lagrangian variety in a symplectic space,

which we call a Lagrangian frontal.

Then we are led naturally to

Problem: Understand the open swallowtail as a “versal”
or a “stable” object in the framework of singularity theory

of Lagrangian frontals.
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[ Versality and stability of open swallowtails )

We give an answer to the above problem:

Theorem. (Ishikawa-Janeczko (2026))

An n-dimensional open swallowtail is realised, in fact,
as the Lagrangian lift of a versal frontal deforma-
tion R?"~! x R — R? of the symplectic plane curve
t o (tFT1 SR for some k and it is symplecti-
cally stable in Lagrangian frontals.
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More detalils.
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[ Legendrian lifts of a plane Lagrangian frontal ]

Let f : (R,0) — (R*,w) be a Lagrangian frontal on the
symplectic plane R* = {(p,q)},w = dp A dg.

By using the symplectomorphism (p, q) — (¢, —p) if nec-
essary, we suppose the tangent line ]?(O) C Ty0)R” projects
isomorphically by the projection (p,q) — gq.

Then there exists a smooth function r = r(t), the “gra-

~

dient” of the line f(t), which satisfies dp — rdg = 0. Then
(f,7) is a Legendrian lift of the frontal f (induced from f)
to the contact 3-space R = {(p, ¢, )} with the contact form

dp — rdq.
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[ Deformations and unfoldings of plane frontals ]

Let f: (R,0) — R? be a frontal.

An /-parameter smooth deformation
F: (R® x R,0) = (R%0), F(u,t) = fu(t) = (pu(t), qu(?))
with fo = f is a frontal deformation of f if there exists
a smooth deformation r,(t) of r(t) satisfying that dp, —
rvdq, = 0. Here we impose that r,(t) is smooth both on
u and t.
We call, then, (u, F) : (R® x R,0) — R® x R? an ¢-parameter
frontal unfolding of f.
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[Lagrangian frontal lifts of unfoldings of plane frontals]

Proposition. Let (u, F) : (R® x R,0) — R® x R? be
a frontal unfolding of a plane frontal f.

Then there exists a unique Lagrangian frontal lift

F: (R x R,0) — R2¥TD = 7*(R1),

of (u, F') with respect to the coisotropic fibration
T*(R*T) — R x R? = R x T*R, such that
gioF=u;(1<i¢<¥), qgr10F=qoF, ppy1oF=po F

up to Lagrangian equivalence, with respect to the sym-
plectic form on T*(R*™), Q = Zfii dp; N dq;.
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[Lagrangian frontal lifts of unfoldings of plane frontals]

In fact, writing p = polF,gq=q oI, try to find

t
F — P1, 7p£7p(u7 ) : (REXR’ O) _>R2(£—|—1) StF*Q — 0.
UL,y ..., Ug, q(u,t)

To do this, we set
pidui + - -+ + pedug + pdq = dE, for AE = E(u,t), which

1s equivalent to that
OF aE
5u. = D rpa (1 <i <Y, pat

Then we find, modulo functlons on ui,...,uy, that
E = fpaq dt
pi = au,,, _pﬁafz = [ = Bus pat paaf,,;
= J aafz ath + fpaa 57 dt — paff@-
_ j(2u-am -
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[ Examples of Lagrangian frontals (£ = 1) ]

Lagrangian cuspidal edge 1
(R27 O) — R47 (’LL, t) — (p17p27 qd1, QQ) defined by

p1 =0, po =t>, q1 =u, g2 = t°.

Lagrangian cuspidal edge 11
(R?,0) — R* defined by

P1 = —%t4, P2 = t2, g1 = u, g2 = t3 —|—ut2.

Lagrangian open swallowtail
(R?,0) — R* defined by

p1 = —(3t5 4+ sut?), po = St1 4+ sut?, 1 =u, g2 =3 + ut.

Lagrangian open folded umbrella
(R?,0) — R* be a map-germ defined by

P1 = _%t5, P2 = t5 —l—utB, g1 — Uu, q2 = t2.
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L.CE 1 LCEI
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[ Symplectically stable Lagrangian frontals ]

Theorem. (Ishikawa-Janeczko). Let F : (R",0) —
R?" = T*R" be a Lagrangian frontal of corank < 1.
Then the following conditions are equivalent to each
other:

(i) F is symplectically equivalent to the Lagrangian
frontal lifting of a symplectically versal frontal unfold-
ing for a symplectic plane frontal.

(ii) I is symplectically stable in Lagrangian frontals.
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[ Versality and stability ]

A frontal deformation F : (R x R,0) — (R?,0), F = (f.)
of fo = f: (R,0) — (R? 0) is called symplectically versal if,
for any frontal deformation G : (R™ x R,0) — (R?,0),G =
(gv) of f, go = f, there exists a map-germ ¢ : (R™,0) —

(]Re ,0) such that g, is symplectically equivalent to the pulled-
back f,(,) by symplectomorphisms 7, on TR and diffeomor-
phisms o, on R so that 7, 0 f () 00y ' = gu, v € (R™,0).

A Lagrangian frontal-germ F : (R™,0) — R*" = T*R"
is called symplectically stable in Lagrangian frontals if any
Lagrangian frontal deformation F; of IF is locally trivialised

by symplectomorphisms 7T on T"R"™ and diffeomorphisms >
on R" so that Ts oF, 03" =T, (s € (R,0).
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[ Lagrangian open swallowtails ]

A Lagrangian open swallowtail of type k on R"(0 < k < n)
is given by

fogk: (R™0) = R*™ =T*R", for = forul,...,un_1,t),

— p1, co+y  Pk—15, Pk, cv+y  Pn—1, Pn o
fn,k qd1, SRICI) dk—1, 4k, SRICI) dn—1, dn > fn,k
— ¥1, ceey PEk—1, 0, 50 O 0, n
UL, ovvy Uk—1, Uk, .v., Unpn—1, h
where
h = thtl gt o u
t Oh(u, T
On = /7‘ (v, )dT
0 aTt ( )
h(u, T
= -1 Al =t 2 g 1<i<k-—1
. : T T, ~N 1 y

and p; =0(k<j7<n-—-1).
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[ Lagrangian open swallowtails ]

We give an answer to the above mentioned problem:

Theorem. (Ishikawa-Janeczko)

rm

I'he Lagrangian open swallowtail of type k

for: (R",0) = R*™ = T*R", (0 < k < n),

is the Lagrangian lift of a versal frontal deformation

: k1
of the symplectic plane curve ¢ — (£° 11, kithH) and

it is symplectically stable in Lagrangian frontals.
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